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Abstract 



We study metric-compatible Poisson structures in the semi-classical limit of noncom- 
mutative emergent gravity. Space-time is realized as quantized symplectic submanifold em- 
bedded in H. , whose effective metric depends on the embedding as well as on the Poisson 
structure. We study solutions of the equations of motion for the Poisson structure, focusing 
on a natural class of solutions such that the effective metric coincides with the embedding 
metric. This leads to i— (anti-) self-dual complexified Poisson structures in four space-time 
dimensions with Lorentzian signature. Solutions on manifolds with conformally flat metric 
are obtained and tools are developed which allow to systematically re-derive previous re- 
sults, e.g. for the Schwarzschild metric. It turns out that the effective gauge coupling is 
related to the symplectic volume density, and may vary significantly over space-time. To 
avoid this problem, we consider in a second part space-time manifolds with compactified 
extra dimensions and split noncommutativity, where solutions with constant gauge coupling 
are obtained for several physically relevant geometries. 
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1 Introduction 

In general relativity, space-time is described as a 3+1-dimensional manifold with pseudo- 
Riemannian metric, governed by the Einstein equations. Despite the great success of general 
relativity, there are good reasons why these classical notions of space and time should be 
questioned at very short distances. One idea is that space-time should not be viewed as 
classical manifold but as quantized or noncommutative (NC) space. This can be motivated 
by general arguments combining general relativity with quantum mechanics [T], and also 
from string theory [2]. 

A noncommutative space can be seen as quantization of a classical manifold with Poisson 
structure. The question then arises how such a Poisson structure is related to the (pseudo-) 
Riemannian metric, and how it affects other aspects of physics. These questions can be 
addressed in noncommutative emergent gravity, where space-time is modeled by NC brane 
solutions of certain matrix models [5j. In the semi-classical limit, these branes are subman- 
ifolds Ai A C with embedding metric g^ and a Poisson structure 9^. The effective 
metric is then given by = e~ a e^ Q vv g^y', where e ~ u is a (dilaton-like) scalar field 
which determines the gauge coupling and measures the scale of noncommutativity. The 
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Poisson structure must satisfjo certain equations of motions, which are similar to Maxwell 
equations on curved manifolds. We will study these equations of motion for Q^ v on subman- 
ifolds with some given embedding geometry g^ v . 

In this paper, we focus on the simplest case where the effective metric G^ coincides 
with the embedding metric g^ u . In the Euclidean case, there is an obvious class of solutions 
for 9^ v with that property, given by (anti-) self-dual (A)SD Poisson structures. It is easy to 
see that these are always solutions and in fact they are always minima of the action [3]. In 
the case of Minkowski signature, the situation is less clear. While the effective metric G has 
the same signature as g, the causal structures are different provided the Poisson structure 
9^ u is real. In particular, there is no way that G = g. This is a priori not a problem since it 
is G rather than g which governs the physics on the brane, nevertheless it may seem a bit 
strange. This conclusion can be avoided by considering complexified Poisson structure as 
obtained by a Wick rotation x° — > it. Then G = g is indeed possible, and it holds for certain 
Poisson structures which are i-(anti-) self-dual z-(A)SD in the sense that * g ui = ±iui where 
uj is the symplectic structure associated with 6^ v . This is the scenario under consideration 
in this paper. It remains to be seen whether such complexified or real Poisson structures 
are appropriate from a physical point of view. 

With this motivation, we study i-(A)SD symplectic structures on physically relevant 
geometries. Such solutions have been obtained in [6] for the Schwarzschild geometry, and 
also for certain Friedmann- Robertson- Walker geometries |7]. These solutions are largely 
determined by the asymptotics for r — > oo; in particular for asymptotically flat spaces, the 
Poisson tensor and e~ a should become constant, so that the physics approaches that of flat 
space. The reason is that e~ a plays the role of a physical gauge coupling constant, which 
is known to be constant to a very good approximation. However in the example of the 
Schwarzschild geometry, it turns out that the dilaton field e~ a has a non-trivial space-time 
dependence near the horizon [6]. In fact there is a circle S 1 on the horizon where Q^ v 
becomes degenerat^] and e~ a goes to zero. Such a behavior is problematic from a physical 
point of view. 

In the present paper, we achieve two things. First, we develop a more systematic un- 
derstanding of «-(A)SD Poisson structures on general 3+1-dimensional geometries, which 
allow to re-derive the above-mentioned results in a more systematic way. In particular, we 
show that i-(A)SD Poisson structures in general lead to a foliation of space-time by two 
perpendicular 2-dimensional leaves. We also establish an appropriate version of the Dar- 
boux theorem in 4 dimensions, which provides useful insights. Explicit i-(A)SD solutions 
are obtained for a class of spherically symmetric manifolds, and in particular for conformally 
flat metrics such as deSitter space. These results on i-(A)SD Poisson structures may also 
be of interest independent of the motivation considered here. 

In the second part of this paper, we study a possible resolution of the problems associ- 
ated with non-constant e _<T , by considering compactified extra dimensions A4 2n = x /C 
where K, is some compact Riemannian space. Compactified extra dimensions are very well 
motivated in physics, providing a link with particle physics via Kaluza-Klein compactifica- 
tion or intersecting branes. It is important here that the entire space Ai 2n is symplectic, 
with symplectic structure relating the compact space K, with the non-compact space-time 
.M 3,1 . Such structures with "split noncommutativity" indeed arise as solutions of the IKKT 

3 There are different approaches to noncommutative gravity which aiso invoive a Poisson structure reiated 
to a metric, cf. [5]. Here we focus on the matrix model framework. 
4 cf. also 0. 



2 



matrix model [10J. They are interesting for several reasons, e.g. to the minimize the Lorentz 
violation due to the Poisson structure. In section [7] we give explicit solutions for such sym- 
plectic structures on physically relevant space-times with compact extra dimensions. In 
particular, we show that for the Schwarzschild metric the overall e _cr can indeed be con- 
stant at least outside of the horizon. This solves the above-mentioned problem, and opens 
up a promising approach towards realistic physics within the framework of matrix models 
and emergent gravity. 

Although we focus on complexified Poisson structures here, the idea of Poisson structures 
relating space-time with compact extra dimensions is clearly more general, and may allow 
to obtain physically interesting solutions also for real Poisson structures. This should be 
studied elsewhere. 



2 Metric-compatible Poisson structures and (anti-) self-dual 
2-forms 

We first explain the problem under consideration, which can be studied independent of its 
physical motivation given in the next section. Consider a 4-dimensional pseudo-Riemannian 
manifold (M,g) with metric g^ v with Minkowski signature, carrying a Poisson structure 
{., .} encoded in a Poisson tensor field 9^ v = {x^,x u } in local coordinates. Assuming that 
it is non-degenerate, the inverse matrix defines a symplectic form 



U) 



i^Vdx^Ad^, u lul = 9^ (2.1) 



which is closed duj = 0. Our conventions are such that the spatial parts are positive, e.g. 
sign(<?) = (— , +, +, +). We will need the Hodge star operator * g , which acts on 2-forms as 



2 V|j 

with *g = —1, whereas *g = +1 in the Euclidean case. Here and in the following \g\ denotes 
|det(<?)|. We will use uj and 9~ l interchangeably in this paper, hoping that this does not 
cause confusion. 

Given these structures, one can define another "effective" metric by 

:= e-'O^e^gap (2.2) 

where 

\j detg y ' 

This article studies symplectic (or Poisson) structures 6 which are compatible with a given 
metric in the following sense 

Gfiu = g„u- (2.4) 
This condition becomes more transparent in terms of the following tensor 

J>f :=e -§0^g au , (2.5) 

It follows that (J 2 yt = -e- a {e^ a e p ^g a i 3 )gp V and we can write 
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The condition G^ u = g^ v is therefore equivalent to 

(j 2 r„ = 

which is to say that J is an almost complex structure. In matrix notation this can be 
written as 

J := e-^9g, J 2 = e~° (6 g 6) g 
G- 1 = e- a 6 g 6 T = -J 2 g- 1 

so that 

G = g ^ J 2 = -l. (2.6) 

Therefore on a Riemannian manifold M, the metric compatibility condition G = g amounts 
to the statement that (A4,u, J") is almost-Kahler with almost-Kahler metric e~ a ^ 2 g fJ-u (but 
not with g^ u \). There is considerable literature on the subject of four dimensional al- 
most Kahler manifolds with given geometry, including notably the case of compact Einstein 
manifolds However, the compatibility condition (j2.4j) requires finding almost-Kahler 

structures in the conformal class of the metric g^ u . Leaving aside global obstructions for 
the existence of symplectic structures (cf. [8,9 j), it is easy to see that for 4-dimensional Rie- 
mannian manifolds, such compatible symplectic structures are in one-to-one correspondence 
with (non-degenerate) closed (A)SD 2-forms oj = ± * g to. For related work on this type of 
metric-compatible symplectic or Poisson manifolds see e.g. [H ll2l[13] . 

However, the focus of this paper is the case of Lorentz signature, where the correct 
formulation of the problem is less obvious. In that case, the compatibility condition J 2 = — t 
requires to consider complexified symplectic structures, and a suitable reality condition must 
be imposed. We will first give an appropriate reality condition which allows to generalize 
the results of the Riemannian case to the case of Lorentz signature. Then the compatibility 
condition (j2.4|) is equivalent to the problem of finding closed complexified 2-forms which 
satisfy 

* g uj = ±iu. (2.7) 

Such forms will be denoted as i-(A)SD, and can be interpreted in terms of a complexified 
Poisson structure. We give an appropriate normal form for such i-(A)SD structures which 
holds on a local neighborhood U C Ai, by establishing suitable Darboux-type coordinates. 
We then establish some results and tools towards finding explicitly such symplectic (or at 
least Poisson) structures for a given metric g^ v . Of particular interest is the associated 
function e _<J , which is related to the gauge coupling "constant" via (|3.15|) . As such it must 
be non-vanishing and at least asymptotically constant on asymptotically flat space-times. 
This sets the boundary conditions for our problem, and justifies det 9 ^ on physical 
grounds. 

In general, there may be global obstructions for such non-degenerate u, cf. [3(9]. This 
can be seen explicitly e.g. for the case of the Schwarzschild metric [6]. To avoid this problem, 
we propose in the second part of this paper to consider higher-dimensional manifolds with a 
product (or a fiber bundle) structure M 2n = Ai 3,1 x/C, and study symplectic structures such 
that G = g and e a = const. This is motivated by the physical requirement that the gauge 
coupling constant should be constant to a very good approximation. This may provide an 
appropriate way to relax the almost-Kahler condition in 4 dimensions, thus considerably 
extending the class of available geometries. 
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3 Physical background: matrix models and emergent NC 
gravity 

The problems under consideration here arise in the study of NC brane configurations in the 
following type of Yang-Mills matrix model 

S = -(2vr)" Tr (i [X a ,X b }[X a \x b '} Vaa , Vw ) . (3.1) 

Such models arise both in the context of string theory [TJ] and NC gauge theory |15j . 
The X a are abstract infinite dimensional hermitian matrices or operators acting on a 
separable Hilbert space, with an index a running from 1 to D. The unphysical metric 
Vab = diag(— 1, 1, 1) fixes the signature of the theory. The action has the following gauge 
symmetry 

X" UX^U' 1 , 

where U is a unitary operator resp. matrix, and the equations of motion are given by 

[X a ,[X b ,X a '}} Vaa , =0. 
A simple example of a solution is given by the Moyal-Weyl quantum plane R|, 

[x",x v ] = e^, /i = i,...,4, 

X* = 0, i = l,...,D-4, (3.2) 

where 9^ v is a constant anti-symmetric matrix. This can be interpreted as canonically 
quantized 4-dimensional Minkowski space embedded in W D . The matrices X^ then generate 
the (quantized) algebra A = EndiJ-L) of functions on Mg. We will also consider solution or 
configurations corresponding to more general embeddings of 2n-dimensional submanifolds 
("branes") in W D . In all these configurations, the matrices X a are interpreted as quantized 
embedding maps of some Poisson manifold embedded in W D , 

X a ~ x a : R D . (3.3) 

Here ~ denotes the semi-classical limit as explained below. Such configurations can be 
interpreted as quantized Poisson manifolds {M.,6^ v ) embedded in MP . The matrix model 
action (|3.ip then governs the dynamics of the quantized space-times Ai. 



The semi-classical limit. The effective geometry and basic physical aspects of the re- 
sulting noncommutative emergent gravity model can be understood in the semi-classical 
limit, where commutators are replaced by Poisson brackets. To understand this, consider a 
Poisson or symplectic manifolds (Ai,9^ u ), together with a quantization map 

1: C(M) 4 ic End(H) 

fix) ^ f [ ' 

which depends on the Poisson structure 6^, and satisfies^ 

l{fg)-l{f)I{g) and - Q (x(i{f,g}) - J(<?)]) as 0^0. (3.5) 

The precise definition of this limiting process is non-trivial and there are various definitions and ap- 
proaches. Here we simply assume that the limit and the expansion in 9 exist in some appropriate sense. 
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Here C(M) denotes some space of functions on Ai, and A is interpreted as quantized algebra 
of functions on M.. One can then define a star product on C{M) as follows 



f*g:= Z-\X(f)Z(g)) = f ■ g + §{/, g} + 0{9 2 ). (3.6) 

Then the commutator behaves like the Poisson bracket up to first order in 9, i.e. [/ * g] := 
/ * 9 ~ 9 * f = + 0{6 2 ). The "semi-classical limit" now amounts to replacing all 

commutators by Poisson brackets, and the noncommutative product by the classical product 
of functions. 

[f,g]~i{f,g} = ie^fd v g. (3.7) 

Here 9^ v = {x^,x u } in some given coordinate system. Star products are useful because they 
allow a systematic expansion of the noncommutative structure in powers of 9, within the 
framework of classical geometry. 

Effective geometry. Now consider a 2n-dimensional Poisson manifold embedded in R D , 
via Cartesian embedding functions x a : Ai > R"°. We can then consider its quantization as 
in (|3.4p . which provides in particular quantized embedding functions X a = x a that generate 
A C End(H). This constitutes the class of backgrounds in the matrix model of interest here. 
One can then establish the basic geometric and physical properties of such backgrounds in 
the matrix model in the semi-classical limit of the theory [3], |13| . [3]. The point is that 
both the Poisson structure 9^ v as well as the embedding of M. are not arbitrary, but should 
be solutions of the equations of motion governed by the action of our model. Here we focus 
on their semi-classical limit. Denote the induced, metric on Ai C M D as 

Qiiv ■= d fl x a d u x b 7] ab . 

Then the effective metric turns out to be G^ u = e~ a 9 fJ-a 9 u P g a p as given in (|2.2|) . with 



e- (n " 1)CT := (3-8) 

The positive quantity e~ a is of crucial importance [3] as explained below: it determines 
the gauge coupling. Thus for fiat space-time, far away from any perturbations, it must 
clearly be constant and non- vanishing. This provides an important guideline in our search 
for solutions 9^ v of the theory. 

The origin of the effective metric G^ v can be understood by considering the semi-classical 
limit of the kinetic term of a scalar field $ on M: 

Sm = -(2K) n Tr[X a ^][X b ^] Vab 

~ J d n x Pf^- 1 ) (9^d^x a d^)(9^d p x b d a ^) Vab 

d n x \G» v \5G v °d v ^d a ^ . (3.9) 



Here the integral measure is given by the symplectic volume Pf(# -1 ) ~ V det cf. [3]. 
Using the effective metric and the associated covariant derivative, one can show that the 
equations of motion in the semi-classical limit imply (see e.g. (99) in |16] ) 



V^eTGrter^G^) = e -°9^d pV , V-=\z a GTg^. (3.10) 



6 



Here the covariant derivative V is always taken with respect to G. This equation is reminis- 
cent of the Maxwell equations for the electromagnetic field tensor on a general background. 
On a four-dimensional manifold Ai with G^ u = g^ u it follows that w = e a , so that the 
matrix model equations of motion (|3.10p reduce to 

= 0, (3.11) 

which is equivalent to 

d * g Q- x = d * G 0~ l = 0. (3.12) 

We will see that any closed form with G = g satisfies a Hodge self-duality relation, so 
that the equations of motion are satisfied identically. Using a different argument, we will 
show in section [7] that configurations with G = g and e a = const are also always solutions 
of (|3.10p in the higher-dimensional case. 



Noncommutative gauge theory. To explain the significance of the function e a , we 
briefly discuss gauge fields in the matrix model. Gauge fields arise as fluctuations of the 
matrices X a around a stack of coinciding NC brane configurations. More specifically, if 
X a realizes a NC brane A4 C MP as discussed above, then the following block-matrix 
configuration 

r = r®i n (3.i3) 

is interpreted as stack of coinciding NC branes. The point is that fluctuations around such 
a background behave as su(n)-valued gauge fields coupled to the effective metric G^ u , with 
effective action [3] 

Sym[A] ~ \jd 2n xe a ^\G^\G^'G^'t,{F^F^ v ,) + S N c. (3.14) 

Here Snc is additional term which for 4-dimensional branes reduces to ^ f r/FAF. Therefore 
the effective gauge coupling "constant" is given by 

g 2 ~ e- CT . (3.15) 

On Rl, (|3.14|) can be seen very easily by expanding 

= X^ - 6^A V . 

Then indeed transforms like a u(n)-valued gauge potential 

A^UA^U" 1 + iUd^U-\ 
and the field strength F^ v i = d^A u — d v A IJb -\-i\A lx , A„] is encoded in the matrix commutator, 

[x^x v \ = -ie^e^'ie-^ + F^). 

However, the trace-C/(l) components of A^ should be interpreted as fluctuation of the em- 
bedding of the brane, which is part of the effective metric G^ on M C M. D . Then the 
derivation of (|3.14p becomes somewhat more technical, see |16p i7j. 

The fact that the gauge coupling is not a constant but a field is not surprising in view 
of string theory, where e a plays the role of the dilaton. However, this means that e a 
should be constant to a very good approximation, in order to be compatible with stringent 
experimental bounds on the variation of the fundamental coupling constants. 
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4 Metric-compatible Poisson structures and (anti-)self-duality 



In this section, we establish the precise relation between the requirement of metric com- 
patibility g = G and generalized (anti-) self-duality in 4 dimensions, and give a point-wise 
normal form for such 8^ u . While this reduces to basic linear algebra in the Euclidean case, 
the Minkowski case is more tricky, because it requires a suitable complexification of the sym- 
plectic structure. We discuss this case in detail, and establish a number of useful formulae 
along the way. This provides the basis for the extension to a local neighborhood U C A4 in 
section 5. 

Consider a four-dimensional (pseudo-)Riemannian manifold with Euclidean or Lorentzian 
signature. Then the relation = g^ u can be written using (|2.3p as 



0» a 9 u Pg a p = Vdettfdets g 

which can easily be solved locally. For any p £ M we can choose a basis such that the metric 
takes diagonal form g a/3 = diag(#oo, 9n, 922, #33) with gu > for i = 1,2,3, and e = ±1. 
By considering the diagonal entries of this relation, it follows easily that the most general 
Poisson structure which satisfies G = g is given by 



\/det(<?) 



/ 

e V522533 h 
e ^511533 /2 
\e V '911522 fi 



-e 7522933 h 


a/500933 fl 
-\/900922 /2 



-e 7911933 /2 
—7900933 /l 


7900911 /3 



-e 79H922 /1 \ 

7900922 /2 
— 7900911 /3 

/ 



(4.1) 



Since we assume <fc > for i = 1,2, 3, this solution has the remarkable feature that] 



* 1 = e 7 sign(s'oo) 1 - 

This means that 9~ l is (i-)(A)SD, depending on e and on the signature of the induced 
metric. In order to define a symplectic structure, the three functions f\, /2 and have to 
be chosen in such a way that O^ 1 is closed. Then 



* Q- 1 = ± fl" 1 



on a Euclidean metric, 
on a Lorentzian metric 



implies that # _1 is also co-closed. The corresponding coupling is then given by e~ a = 
(Yli=i fi)^ 1 m the representation (|4.1|) . Together with (|3.12|) . this implies the following 
result: 



Lemma 1 On four- dimensional (pseudo-)Riemannian manifold with Euclidean (or Lorentzian) 
signature, any symplectic form satisfying G = g is (%-) (A)SD, and solves the equations of 
motion \3.11\) of matrix model. 

Conversely, we will show that any (i-)(A)SD symplectic form - subject to a certain 
reality condition in the case of Lorentzian signature - satisfies G = g and is hence a solution 
of the e.o.m. (|3.1ip . with local form given by (|4.ip . To understand this, we consider the 
Euclidean and Minkowski case separately. 

6 we will omit the index of the Hodge star operator from now on, as the induces metric g coinces with the 
embedding metric G. 
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4.1 Euclidean signature 

It is clear that any symplectic structure # _1 which is (A)SD with respect to the induced 
metric g satisfies d* g 9~ 1 = 0, since 9~ l is closed by assumption. Moreover, it turns out that 
all such forms automatically also satisfy G = g in the Euclidean case, so that the matrix 
model equations of motion (|3.10p are satisfied. This is best understood by bringing 6^ v into 
normal form at any given p £ A4 as follows: we can always find local coordinates such that 
g = diag(l, 1, 1, 1) at p £ Ai, and using an appropriate S'0(4) rotation the antisymmetric 
tensor 9 takes the form 





— e q 








\ 


e a 






















— or 


i 


\o 





a- 1 





/ 



0"" =det(0)4 



at p £ A4 with e = ±1. Therefore the corresponding symplectic form is 
Q- 1 = det^- 1 )^ (e a" 1 dx° A dx 1 + a dx 2 A dx 3 ) 

with dual 

* Q- 1 = edet(0" 1 )3 (e a dx° A dx 1 + a" 1 dx 2 A dx 3 ) 



(4.2) 



(4.3) 



Note that 9' 1 is (A)SD if and only if a 
ti-self-( 

G- 1 :=< 



a 



in which case e indicates whether 9 1 is 



self-dual or anti-self-dual. The effective metric is given in matrix notation by 

_ X Q T = -VdeUF 1 6 2 = diag{a 2 ,a 2 ,a- 2 ,a- 2 ). 
This yields [3] 

« a 2 = l G = diag(l, 1, 1, 1) = g. 



* V = e 

In particular, we can locally write an (A)SD symplectic form as 

0- 1 = det(0) - *(l + e *) dx 2 Adx 3 . 

This applies in particular to the Euclidean Moyal-Weyl quantum plane Mg with 9^ v 
where e~ a = det(0) _ 2 is clearly constant. 



const, 



4.2 Lorentzian signature: i-(anti-) self-duality and normal form 

We would like to establish the converse of Lemma 1 also in the Lorentzian case. Even though 
this is still a point-wise question, the argument of the previous section does not generalize 
in a straightforward way, because we need to consider complexified symplectic forms. In 
particular, we must identify a suitable reality condition which appropriately reduces the 
degrees of freedom. To understand the issue, assume that g = diag(— 1, 1, 1, 1) at p G M.. 
For real Poisson tensors, the same local ansatz (|4.3p leads to 

G~ x = e~ u 9 g 9 T = diag(a 2 , -a 2 , a" 2 , a" 2 ). 

This has the time component in the "wrong" slot, and there is no way to satisfy G ~ g. 
However, as suggested by the factors of -y/goo i n the general solution (|4.ip . considering 
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a purely imaginary component 9° l = {x ,^ 1 } 6 it will automatically adjust this "sign 
error". This can be interpreted in terms of a Wick rotation x° — > it, resp. X° — > iT for 
matrices. The basic example is given by the Moyal solution in Minkowski space 



r 1 



( 





e i 





°\ 




-e i 






















1 


\ 








-1 


0/ 



(4.4) 



with c£l, which gives indeed G~ 1 = diag(— 1, 1, 1, 1). We want to study more generally 
closed i-(anti-) self-dual 2-forms on manifolds with Lorentzian signature satisfying G = g. 
However, in contrast to the Euclidean case not every i-(anti-) self-dual form satisfies G = g, 
since multiplication by a constant phase 6~ l — > e ia 9~ l leads to G — > e~ 2ta G. We therefore 
impose the following reality condition for the Poisson tensoi[l| on a submanifold Ai C M. D 
with Minkowski signature 

Pf(^")GiR. (4.5) 

As a consequence, d g t 6 g£i and e~°" are real and positive both in the Euclidean and in the 
Minkowski case, and analyticity in the X a can be formally preserved. Note that then the 
symplectic density Pf(# -1 ) also yields the appropriate factor i in front of the action such as 
(|3,9p in the Minkowski case. 

To proceed, the following observation will be crucial: any i-(A)SD form can be written 

9' 1 = (1 - e i *)F, where F := Re((9 _1 ) is real. (4.6) 

This is a stronger statement than the obvious decomposition uj = ^(1 — i *) *) u> 

due to * 2 = — 1, because F is real. To see this, note that 

0- 1 = i(l - e i *)(Re(#~ 1 ) + i \m{fT x )) 

= £(Re(0 -1 ) + e * lm{6~ 1 )) + % \{-e * Re^" 1 ) + Im^ 1 )) (4.7) 

which implies 

Im^- 1 ) = -e*Re(0 _1 ). (4.8) 
and (|4.6|) follows. In the case of the Moyal- Weyl solution (|4.4|) . one finds 

0- 1 = c (1 - e i *) dx 2 Adx 3 , c£R (4.9) 

corresponding to F = c dx 2 A dx 3 . 

We can now compute e~ a in terms of this F. Recall that the Pfaffian of a (skew- 
symmetric) 2-form uj is defined as 

Pf(w) := \e a ^ S 0J a ^ s = \^/\fetg~\ ^ , 

and satisfies Pf(w) 2 = det(w). For the 2-form 9~ l = (1 — e i *)F this gives 



Pf^- 1 ) = i^det^j ((*F)„,F^ + e i F^F^) . (4.10) 



7 It might be tempting to impose the following reality condition (J7^)* = — g MM g vv 'J^i ■ However, this is 
not compatible with Lorentz boosts. 

8 recall that the e = ±1 indicates the SD resp. ASD case. 
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In particular, 



since det(<7) < 0. Now we can easily show the following result: 

Lemma 2 Let 9~ l be an i-(A)SD symplectic form. Then the reality condition holds 
if and only if the determinant of F := Re(9~ 1 ) vanishes. In that case, the effective metric 
G^ u := e~ a 9^ 9 VV g^/pi satisfies G^ v = ig^v, and there exists a Lorentz transformation for 
any given point on At 4 such that 9^ v has the form ^4-4\) resp. 



Proof: 

Let 9~ l be an i-(A)SD symplectic form. Then (j4. 10p implies that the reality condition (|4.12l) 
is equivalent to 

Pf(0H€iM (*F) flI/ F^ = det(F) = 0. (4.12) 

This implies that F has rank 2, and it is easy to see (see e.g. |18| ) that it can be brought 
into the form F = c dx 2 A dx 3 or its Hodge dual using a suitable Lorentz transformation. 
Then G = ±g follows, which completes the proof. □ 
Together with Lemma 1, this characterizes the solutions of G^ u = ig^u- As a remark, 
notice that due to det(F) oc det(*F), the lemma can equally be formulated in terms of 
the imaginary part or 9~ 1 . A multiplication of 9 with i amounts to replacing F with *F, 
replacing G by — G. 



5 Local normal form on four-dimensional Lorentzian mani- 
folds 

In this section, we will investigate general properties of the metric-compatible symplectic 
form of interest here, and establish a normal form on a local neighborhood U C Ai in terms 
of certain adapted Darboux coordinates. The main results are summarized as follows: 

Proposition 3 Let be a symplectic form on a four- dimensional manifold with Lorentzian 
metric satisfying the compatibility condition 

G» v := e~ a 9^9 uu ' g^, p , = g^. 

Then for every p £ Ai there is an open neighborhood p 6 U C Ai and two real functions 
C 2 (U) such that 

9- 1 = (1 -e i * g ) d$ Ad$ (5.1) 

with 

d(* 9 d$Ad$) = 0. (5.2) 

The sign e = ±1 indicates whether 9~ l is i-self-dual or i-anti-self-dual. In local coordinates, 
the closedness condition reads 

gTid^ hisPdv*) - d v (gP°d a $)) + gF{k g *(d *) - A s tf (&$)) = 0, (5.3) 
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and we have 

e- a = (g^d^d^)(g^d a m^) - {g^d^d^f. 

Furthermore, there is a local "Darboux coordinate system" (fi D = ($, <£>', VP') on U, such 
that 

r^d^Ad^-eid^'Adf. (5.4) 

The proof is provided by the following two subsections. Notice that this goes beyond the 
standard Darboux theorem, taking into account the metric compatibility and the complex 
structure in the Lorentzian setting. The specific complexification adds extra structure sub- 
ject to (|4.12p . It turns out that the real and the imaginary part Re(# -1 ) and \m{9^ 1 ) of 
both satisfy the closedness separately, thus reducing the degrees of freedom of 9 . 

5.1 Implications of det(F) = 
From 

det(F) oc {*F)^F^ = and e"* 7 = ±F^F^ ^ (5.5) 

it follows that F is a rank two tensor and can be written as F = X A Y, where X and Y 
are two linearly independent 1-forms. In terms of components we have 

F„u = g^guv'F^' v ' = X^Y„ - Y^X U , (5.6) 

where X^ = g fJjU X L ' and X^ = g^ v X v . Since the relations (|5.5p similarly hold for *F, we 
also have *F = U A V with two linear independent 1-forms U and V. 

Proposition 4 Let E XY and E uv denote the distributions spanned by the vector fields 
X, Y resp. U, V defined above. These distributions are orthogonal complements with respect 
to g, i.e. 

TM = E XY © E uv , with E XY ±E UV . 

Proof: 

First we observe that *F can also be expressed in terms of X and Y: 

(*F)^ = ^g^g^e^iX^Ys-Y^Xs) 



\g\ e^sX" Y v 



Similarly, 
Therefore 



uv 



det (([/, V, X, Y) T ) = e a ^ s U a V^X^Y 5 c< F^F^ + 0, 

so that X, Y, V, U span the entire tangent bundle. Now let W be any vector field in E' 
We have 

(i w F) a oc e a p l5 U p V^W s = E uv C ker(F). 

On the other hand 

{i w F) v = (X^Y V -Y^X V )W^ 

= g(X,W)Y u -g(Y,W) X v . 

Using the linear independence of X and Y, it follows that 

g(X, W) =g(Y,W) = VW G E uv . □ 
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5.2 A version of the Darboux theorem for z-(anti-) self-dual 2-forms 

Consider again a closed z-(anti-) self-dual 2-form 9~ 1 = (1 — e i *)F on Ai. Since F is real, 
the closedness condition is equivalent to F satisfying the Maxwell equations in vacuum: 

d0 -1 = O <=^ dF = 0, d*F = 0. (5.7) 

Formulated in terms of a local vector potential A with F = dA, these equations can be 
written as 

A g A- (d*d*)^ = 0, 

where A g is the Laplace-de Rham operator, or A g A^ — V^V ^Ay = in a coordinate frame. 
However due to the constraints (|5,5p . finding the general solution to the Maxwell equations 
in terms of the gauge potential on a curved space-time is difficult. We will therefore use the 
previously established form (|5.6p of F: 



d*F = V V F^ =-$ r d v W\g\F' a ' 
V If I ^ 

= i d v ( y/\g~\{X»Y v - Y»X V ) 



= Y v d v X* - X v d v Y» + -$-d v (J\g\ Y V )X" - -k-djj\g\ X V )Y» 

vlfl vlfl 

= [Y, Xf + div(Y)X^ + dw(X)Y^ 

where "[•,•]" and "div" denote the Lie bracket resp. divergence of vector fields. Therefore 
for F of the form (|5.6p , the Maxwell equations d * F = are equivalent to 

[X, Y] = dw(Y)X + div(X)F. (5.8) 

Similarly, from 

dF = -d * (*F) = 

we find the analogous equations, where X and Y are replaced by U and V. We therefore 
established that 

[X, Y] e T(E XY ), [U, V] E F{E UV ), (5.9) 

where T(E) are the vector fields over a distribution E (i.e. the smooth sections of E). These 
are precisely the integrability conditions of the distributions E XY and E uv in terms of Lie 
brackets. This means that there exist two different but equivalent orthogonal foliations of 
the base manifold, such that 

TM = E XY @E UV = TB XY ®TB UV , (5.10) 

where B XY , B uv are the leaves of the foliations. Furthermore, since we already established 
that the elements of E uv lie in the kernel of F, we have 

C W F = (di w + i w d) F = d(i w F) + i w (£F) = 0, 

where W E E uv . By applying the Darboux theorem in the two dimensional submersion of 
B XY , it follows that the form F (and consequently also O^ 1 ) can be written locally in terms 
of two real functions \& such that 

F = d$ A d*. 
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Analogous considerations lead to two further functions <&', ^f' such that *F = d<£' A d^f' . 
We therefore obtain a local "Darboux coordinate system" <p D = ($, on C 

indicated by a capital D, such that the i- (A)SD form 9~ l takes the form 



3-1 



(1 - e % *)F = d$ Adf - e i d$' Adf, (5.11) 



which establishes (|5.4|) . Moreover using (|5.10p it follows that in these Darboux coordinates 
4> D , the metric decomposes into two orthogonal blocks 

„ -(9 XY 0\ XY _(g(X,X) g(X,Y)\ uv _ fg(U,V) g(U,V) 

V "l0 gw)> Wlth 9 -[g(X,Y) g(Y,Y))> 9 ~ \g(U,V) g(U,V) 

where g ,g denote the induced metrics. Here X, Y and U, V denote the two orthogonal 
components established earlier. 

This Darboux coordinate system 4> D is of course not unique. For example, the transfor- 
mations 

$ i — y /($), * 



where / is any well behaved function, always leaves -F invariant: 
F = d$Adf ' ^ d/($) A d (yjjTpj) 

= d$ A d*. 

This transformation can be viewed as a symplectomorphism on B XY . 

Implications for e _<T . Using these results, we can compute 
P - G - i J? j?W 

= (det^)" 1 = -(det^)" 1 = ±i(detg 4)D )- 1 / 2 . 

The relation det g XY = — det g uv stems from the fact that e~° changes sign under F i— > *F, 
reflecting the different signatures. The last equality e _cr = ±i(det ^o) -1 ^ 2 can also be 
seen from the very definition (|3.8p of e~°, since in Darboux coordinates (|5.1ip we have 
det# -1 = const. As a remark, notice that if e~ a is to be constant, then the blocks of the 
Darboux metric have to have constant determinant det g XY = det g uv = const. 



6 Explicit solutions for 9^ v 

6.1 A solution on conformally flat metrics 

As in the case of the Maxwell equations in vacuum, the metric enters into the equations 
of motion (|5.2p only via the Hodge star. Since the Hodge star acting on 2-forms in four 
dimensions is invariant under Weyl rescaling transformations 

^ ' -I 
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it follows that each solution provides automatically also a solutions for the rescaled metric. 
This can also be seen directly from (|4.ip . 

The archetypal solution of the equations of motion with the form (|5,1|) is given by the 
Moyal solution 

_1 = c (1 - e i *) dx 2 A dx 3 , 

with c G K\{0} and e~ a = c 2 . Therefore 6~ l is also a solution for all conformally flat 
metrics = j r]^. In that case, we have 

e _ a = Vdetg- 1 = 1 = c2/2 

which reduces to the Moyal case for / = 1 . There are many examples of physically interesting 
spaces which admit a conformally flat metric, see e.g. [19]. This includes Robertson- Walker 
space-times, in particular de Sitter and anti-de Sitter space, with conformal factor given by 
/ = (1 — ||x|| 2 ) 2 and / = (1 + ||x|| 2 ) 2 , respectively. Another example which was studied 
from the present point of view is given in [7]. 

6.2 Electrostatic solutions 

In the case of a diagonal metric g = diag(goo> <7ii , <?22, 533), we can write the equations (|5.3p 

as 

(VWl 9 M 9^ (d ip) $d„y - d„$0 (p) tf )) = 0. (6.1) 

Here the Einstein summation convention with respect to the free index p does not apply. 
Furthermore, we now make an "electrostatic ansatz" 

«9 $ = 0, * = x°. 
Then the equations of motion reduce to 

di (y/\g\ g m g ij d^) = (6.2) 
where the latin index i runs from 1 to 3, as well as the condition 

db(vWV') =0- (6.3) 
Assuming sign(g) = ( — , +, +, +) we have 

3 

i=i 



r 1 



r 


— e i 


e i 











Vo 






0\ 



1 

-1 
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6.2.1 Conformally flat metrics 

As a first example, we immediately re-establish that for any conformally flat metric g^ u = 
jfjfxi,, the functions ^ = x° and <I> = c • x 1 are a valid solution of (|6,2p . since in this case 

vbl g 0Q 9^ = $ij = const. We also obtain 



6.2.2 Radially symmetric metrics 

Our second example is another type of metric which is frequently encountered in physics, 
namely 

ds 2 = -K(r)dt 2 + — 5-rdr 2 + r 2 (d& + sm 2 (tf)d(p 2 ) , «(r) > 0. (6.4) 
/c(r) y 

This class of metrics is independent of t, so (|6.3|) is satisfied. If we make the ip- independent 
separation ansatz 

*(r,0) = 0(r)lj(0) 

where lz(i?) are the spherical harmonics, then the equations (|6.2j) reduce to an ordinary 
differential equation in r: 

(r <j>{r))" - ^4r<A(r) = 0. (6.5) 
r ft(r) 

Furthermore 

i=i \ ' 

The flat limit: 

For k(t) = 1 we recover the Minkowski metric in spherical coordinates. The differential 
equation is then just the well-known Laplace equation for the electric potential (f>(r) in 
electrostatics^]: 

( r 0( r ))« _ l l±A^ r ) = o. 
r 

For 1 = , we are left with the condition (r <j>(r))" = 0, which gives 

d>(r) = ^ + 6, e-=(^) 2 . (6.7) 

In fact, since for I = the differential equation (|6.5p is independent of k(t*), this radial point 
particle potential solution <3?(r) exists for all metrics of the type (|6.4D . 
For 1 = 1 , we find 

$(r, i?) = ^ + b rj cos(0). 

For a = 0, the potential <3?(r, i?) = b rcos(t?) = b z reproduces the Moyal solution (|4.9p 

= d u t> (1 - e i *) dx^ A dx" 

= 6 (e i dx A dy + dz A dt) , 

9 If we change variables <f>(r) := r 4>(r), then the equation take the familiar form 4>"(r) — <j){r) = 0. 
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and 



b 2 . 



It should be noted that in the flat case, the solutions of (|6.5[) can be calculated for all I in 
closed form, so that 

<p(r) = a ^ + b r l . (6.8) 

However, the relation 

lim e~ CT = const 

1 >±00 

only holds for the Moyal solution 1 = 1. 
The general case: 

Solving (|6.5p for k(t) and plugging it into (|6.6p one can show that with this ansatz, only 
flat space-time admits strictly constant e~ a . Relaxing this requirement, we are interested 
in asymptotically flat i- (A)SD solutions which reduce to the Moyal case for r — > oo. Hence 
we expect 

(7—7-77 <^=^ n(r) —7- 1 

4- 

0- 1 -> (j- 1 0(r) -> b r. 

We can thus set I = 1 and try to solve (|6.5p for any k(v) of interest, together with 0(r) — ?■ 6 r 
as boundary condition in the flat limit. Alternatively, since we were always considering a 
general metric of the type (|6.4p up to now, we can view (|6.5p as equation in n(r) for given 
4>{r). It is convenient to make the following ansatz 

<p(r) = b r n(r) (f K (r) with lim <p K (r) = 1. 
The resulting equation 

(r «(r) <p K (r))" - 1(1 + l)<p K (r) = 
can be solved for «(r) as follows 

1 ( 1(1 + 1) f , w \ j ci c 2 \ 

K r ) = TT 2 — / (Q) (r - Q )dg + — + — , 

ip R (r) \ r 1 J r r J 

where c\,C2 are constants of integration, and <p K (r) is any well-behaved function. This 
determines a metric of the type (|6.4p for any given ip K (r). For example, for I = 1 and 
r-independent (p K = 1, we obtain 

r 

K ( r ) = t / ( r ~ Q) d e+ — + % 



1 + ( stz 2 + c a +!) 
1 "7 + ^- 
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Therefore, the potential 

4>{r) = b r k(t) = b ir — r c -\ j 

is a solution for the Reissner-Nordstrom metric. The corresponding tensor Q^ v is not spher- 
ically symmetric, since one of the spatial directions is distinguished. Finally, 

= (b r K(r))' 2 cos 2 ("!9) + b 2 K,(r) sin 2 (f?) 

For Q = we obtain the Schwarzschild metric with 

e - = 6 2 (l-^sin 2 (tf)) 

and for r c = we recover the flat limit e~ a = b 2 . This reproduces the result given in [BJ. 
Notice that for r = r c there is a circle on the horizon where e _cr = 0. This means that O^ 1 
is degenerate. We will propose a resolution of this issue later, by considering compactified 
extra dimensions. 



7 Solutions on manifolds with extra dimensions 



We have seen how to find non-degenerate closed 2-forms on four-dimensional Lorentzian 
manifolds which satisfy 

However, with the exception of the Moyal case, the invariant 



'detf 



det g ' 



which acts as a coupling constant, always turned out to be space-time dependent. For 
example, on conformally flat metrics g^ u = jT)^ we found a solution with e~ a = c 2 f 2 , 
where / is the conformal factor and c is a non-zero real constant. The point is that we need 
to solve d * = 0, which is typically incompatible with e~ a = const. 

To work out the difficulties more clearly, consider a given diagonal metric 



and the simple ansatz 



3-1 



g = diag(cfo0)5ii)#22,333) 

6qI dx° A dx 1 + ^ dx 2 A dx 3 , 



i.e. 



r 1 



( 





001 





°\ 




-#oi 






















023 


V 








— 023 


0/ 
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This can be considered to be a perturbation of (|4.9p . We now assume e a = 1 and compute 
the (inverse) embedding metric: 

GT 1 := e~° 6 g 6 T = -(fl" 1 )" 1 9 (O' 1 )' 1 

fgii(Ooi)- 2 o o o \ 

5oo(^oi)" 2 

5 33 (023)- 2 

V 922(0 23 )- 2 J 



The main observation to be made here is that the tensor 9 effectively switches the entries 
of the metric: 

5oo «-> 9u, 
922 «-» 533- 

Requiring also G" 1 = g^ 1 we conclude 

#01 = a/500511; 6*23 = V 922933- 

However, due to the closedness of 6~ l , for this ansatz this is only a valid solution if 

^o(5oo5ii) = ^r(5oo5ii) = ^ (922533) = ^3(522533) = 0. 

In this section, we show that this problem can be overcome by introducing ("small", 
compactified) extra dimensions, i.e. by considering spaces with structure Ai 4 x /C, such 
that the Poisson tensor relates the compact space K, with the non-compact space-time A4 4 . 
This is the idea of split noncommutativity |10j . which is interesting for a variety of reasons. 
Most importantly, there are indeed solutions of the IKKT model with this structure. Here 
we initiate a more systematic study of such Poisson structures, and show in particular that 
there are in fact solutions for 0^ u such that e CT = const as desired. We will again consider the 
case of complexified Poisson structures such that 9 = G, however analogous considerations 
should also apply for real Poisson structures. 

7.0.3 G ~ 9 in higher dimensions 

In the case of higher-dimensional branes, we define the tensor J generalizing (|2.5p as follows 

J" v = e-^e^ 9li , v (7.1) 

so that 

= -e^- 1 ^ {J 2 Y p g pv , det J = 1. (7.2) 

In particular G^ v ~ g^ v is possible only if J 2 = — 1, which in turn implied G pv = 
e (n _1 )°" g^ v , in that case, the following relations hold 

r)-.= ^G^v^e*' 
e a G u %jG m = e^e^'g^e^g^e^ = e (1 " ^ a \J 2 )\Q m (7.3) 



"'this means that (Ai,e « a gy, v ,iS) is an almost-Kahler manifold. 
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Therefore if J 2 ~ 5, the equations of motion (|3.10p reduce to 



2 - 



e -2(i-> W^. 
n ' 



Using the following identity for Poisson tensors (see (58) in [3]) 



this reduces to 



v M ( e - <T ^) = 

2 



v M 0^ = #^<v 



f _ e -2(i-^V a o. 
n ■ ' 



(7.4) 

(7.5) 
(7.6) 



This holds identically for 2n = 4 consistent with p. lip , and it reduces to e a = const for 
2n ^ 4. Therefore symplectic structures with e a = const and G ~ g are also solutions of 
the equations of motion for 2n ^ 4. 

To understand better the significance of configurations with G ~ g, we recall that in the 
case of the Moyal-Weyl quantum plane, the matrix model action is minimized for Poisson 
tensors which satisfy G ~ g, at least for the Euclidean case [3]. 

7.1 Solutions with 4 compactified extra dimensions and e CT = const 

Let us now consider an eight-dimensional space, with local coordinates such that the metric 
takes the following diagonal form: 



5 = diag 500,511,922,533, 



1111 

500 ' 511 ' 522 ' 533 



\ 8 

J , det^r = Y[ 9w = 1- 

' M=l 



For this type of metric, the switch of components 

1 



5oo 
1 

522' 



511 555 



1 



533 «-> 577 



511 
1 

533^ 



5oo <-»■ 544 
522 O 566 
amounts to taking the inverse: 

5 ** 5 _1 - 

This is achieved via e~ a 9^^' VV ' g„i v i through the following 2-form 



f 











1 








o\ 
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-1 

















Vo 








-1 














det(0 _1 ) 



det(p), 
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so that e a = 1 as desired. This 2-form is constant and therefore closed, and in fact exact 
since 



- 1 = dx° A d£ 4 + dx 1 A df + dx 2 A d£ 6 + dx 3 A d£ 7 = d (^x u d^ u+ ^j , 



(7.7) 



where with p = 4, 5, 6, 7 are the coordinate functions of the second block. The idea 
is to use such a structure for the description of physical space-time with compactified ex- 
tra dimensions, where diag(<7oo> 9\\i 922, 933) correspond to physical space-time and g = 
diag ( — , — , — , — ) to the small extra dimensions. In this way, it is possible to reconcile 

° \900 ' 911 ' 322 ' 533 / J ' ^ 

the equation of motion for the Poisson structure (|3.10p with the requirement of a constant 
dilaton resp. gauge coupling e~ CT . The required adaptations for the case of Minkowski 
signature are obvious and will be illustrated below. 

7.1.1 Radially symmetric Schwarzschild-type metrics 

As a physical application we consider the Schwarzschild metric, which in standard coordi- 
nates takes the diagonal form 

^ = diagf-«(r) J r^r ) r 2 ) r 2 sin 2 (<?)V R(r) = l-^, (7.8) 
\ K[r) J r 

where r c is the Schwarzschild horizon. For our purposes however, spherical coordinates are 
problematic: If we would follow the construction described above, we would end up with the 
metric component 577 = ^ = r 2 > which is singular along the z-axis. A more suitable 
choice is provided by the isotropic coordinates, where the Schwarzschild metric takes the 
form 

3 

,t\2\ 



ds 2 = a(p)d(x ) 2 + P(p)Q2 d( 



i=l 

1 - a" f / \ 4 

«(p) = -7 ^> M= U + ? > P 



1 ^ Ap 



IpJ ' 



These coordinates are defined for p > ?f, i.e. outside of the horizon. Notice that the spatial 
part of metric is now conformally flat. By following the procedure introduced in the last 
section, we now obtain the eight-dimensional metric 

9 = diag (a{ P ),p{p),m,m, -^>^>^>-ffij)> det(5) = - 1 ' (7 - 9) 

which is regular outside of the Schwarzschild horizon and in which the Moyal-like 2-form 
(|7,7p is the desired solution for a symplectic structure with e~ a = 1. 

To see this explicitly, consider more generally a metric of the form (|7.8p . The isotropic 
coordinates are obtained by introducing a new radial coordinate p(r), which is related to r 
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by the differential equation ^ = — 7==, and 



x°(t) = t, 

x (r, 9,ip) = p(r) sin(0) cos(<^), 

x 2 (r,9,tp) = p{r) sin(0) sm(<p), 

x 3 (r,9,ip) = p(r)cos(0). 

This can be integrated explicitly as 

p{r) = p c e rc eW<ei) 81 . 
Then consider the following extended metric with 4 extra-dimensions 

A- ( <\ 1 2 2- 2/nx 1 fp( r )Y (p{ r )\ 2 (p( r ) 

g = diag — n(r), — -— , r , r sin (»), 1 1 11 



k(t) ' ' ' n(r) ' 

in coordinates x°, r, (p, £ 4 , £ 7 . It acquires the form (|7.9p in isotropic coordinates, so that 
the exact 2-form 

9- 1 = d^d^ + ^^d^+M 

= d (it d£ 4 + p(r) sin(0) cos(^) df + p{r) sin(0) sin(p) d£ 6 + p(r) cos(9) d£ 7 ) 

4 , „u\ ( sin(6) cos(y) , , tf5 , sin(g) sin(y) , , t 6 , cos(0) , 



idt A d£ 4 + p(r) ^>™^> dr A df + ™gi dr A d£ b + dr A d£' 

y ryn(r) ryn(r) rW K(r) 

+ cos(0) cos(» d0 A d£ 5 - sin(0) sm((p) dtp A d£ 5 
+ cos(0) sin(<p) dO A d£ 6 + sin(0) cos(» d</? A d£ 6 

- sin(0) d0 A d£ 7 



satisfies 
and 



A notable example of this kind of metric is given by k(t) = 1 — ^ + corresponding to 
the Reissner-Nordstrom metric, which was already discussed in the four-dimensional case. 

Up to now, we now we have not specified the topology of the extra dimensions. One 
possibility is to compactify the additional coordinates at each point, to obtain a torus bundle 
over Schwarzschild space. This will be explained in the example of the de Sitter geometry 
below. 

7.1.2 Generalizations 

The above construction can be extended easily to more general metrics. For example, 
consider the metric 

A- ( -111 f(x\e) \ ., 3 ,7, 

g = diag 5oo,5n,522,533, — , — , — , , det(g) = -f{x ,£ ). 

V 500 511 522 533 / 
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We see that we can freely determine the signature of the second block of the metric by 
introducing additional factors of —1, or more generally introduce non- vanishing functions 
/(a; 3 ,£ 7 ), which might depend on the variables of the position it is to be switched with. 
Then the form 
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det(6- 1 ) = -f(x\e) 
is still exact and everything works out as before. 



det(g), 



7.2 Solutions with 2 compactified extra dimensions 

For many metrics of interest, one can easily write down an extension with only 2 compactified 
extra dimensions such that e~ a = const. 



7.2.1 de Sitter space 

As an example consider the product of de Sitter space [2D] with a two-dimensional warped 
torus 

M 6 =M 4 dS x T 2 . 

In planar coordinates, the metric of -A4^ s is diagonal with entries g^ v = diag(— 1, e~ 2t , e~ 2t ,e~ 2t ) 
We define the metric on the product space as 



9M 6 = 9dS © 5torus 



diag I -l,e- 2t ,e~ 2t ,e- 2t 



1 1 



, det(# 



M 6 



-2t 



We will denote the additional two coordinate functions of the torus as £i,£2- The torus 
metric gwus = e 2t diag(l, 1) is flat with a conformal factor e 2 *, which depends on the time 
coordinate of dS 4 . The pleasant aspect of this coordinate system is that the metric only 
depends on one variable, which helps to find a closed form. 

An appropriate solution for a Poisson structure with with e~ a = 1 is 



/ 



(#) 



-% e 







-t 



% e 























o\ 
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0/ 



det(0 -1 ) 



-2t 



det(g). (7.10) 



i.e. 



3-1 



i e~* dt A dx + dy A d^ 1 + dz A d£ 2 = -d (i e~* dx + dy + £ 2 dz) . (7.11) 
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The size of the extra-dimensional torus might seem to depend on the location on dS , 
however we have not yet defined the range of the periodic torus coordinates £\£ 2 . We do 
this by requiring that all tori should have the same volume, 



Jt 2 



[ d^df 2 = 1 



so that 



/ v\^r\dedf = (7.12) 



Jt 2 



independent of t. This ensures that the action for the lowest Kaluza-Klein modes takes the 
standard form on 4-dimensional de Sitter space. Using \/|<7torus| = e2< > this condition reads 



with the endpoints identified, i.e. 6 R mod e - *. This defines a torus T 2 . We have thus 
specified a metric for the product space M.q = x T 2 . It is clear that this metric is 

globally well-defined. For the symplectic form this is not obvious, because it was defined in 
planar coordinates which do not cover the entire de Sitter space. It would be interesting to 
study if and how can be extended to a globally well-defiend symplectic form. 

8 Conclusion and discussion 

We studied complexified Poisson structures which are compatible with a (pseudo-) Rieman- 
nian structure, as required in the framework of noncommutative emergent gravity within 
matrix models of Yang-Mills type. We focused on a natural class of Poisson tensors for 
which the physical metric and the effective metric of the theory coincide. In 4 dimensions, 
this means that the corresponding symplectic form must be proportional to its Hodge dual. 
In the case of Minkowski signature, there are no real Poisson structures of this type, how- 
ever complexified symplectic structures which are self-dual up to multiplication with ±i 
turn out to satisfy this condition. Upon imposing a certain reality constraint, the structure 
of such complexified symplectic structures is clarified, and a normal form is established. 
Furthermore, an appropriate version of the Darboux theorem is established by studying a 
certain foliation of space-time defined by the complexified symplectic structure. Explicit so- 
lutions are given for several examples of physically relevant geometries, including Minkowski, 
Schwarzschild and conformally flat space-times. 

One important aspect is the behavior of a particular scale parameter e a of these struc- 
tures, which is in general space-dependent and governs the effective gauge coupling in emer- 
gent NC gravity. The corresponding scalar field is found to vary considerably for physically 
relevant space-times. To circumvent this problem, we study analogous structures in the 
higher dimensional case, notably for physical space-times with compactified extra dimen- 
sions. We show that the problem can be solved in this higher-dimensional setting, by 
considering symplectic structures which mix the non-compact physical space-time with the 
compactified extra dimensions. This is illustrated in the case of the Schwarzschild and de 
Sitter metrics. 

The results of this paper help to clarify several issues in emergent NC gravity, and show 
a general strategy how to obtain physically relevant solutions. In particular, the idea of 




For example, a reasonable choice which satisfies this condition is 



[0,e-*) 
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a symplectic structure which mixes space-time with small extra dimensions appears to be 
far-reaching and promising. It would be very interesting to generalize this to more generic 
geometries. Also, some gaps in the present treatment - such as the extension of (|7.11|) to 
the entire de Sitter space - remain to be filled. The problems studied in this paper should 
also be of interest in different contexts. 

On the other hand, the case of real symplectic structures on geometries with Minkowski 
signature should also be studied further. There are issues with the causality structure 
which should be clarified. In both cases, extensions with compactified extra dimensions as 
discussed here appear to be very promising towards obtaining realistic geometries within 
the framework of emergent NC gravity. 
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